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Abstract 

For varieties given by an equation Nx/ki^) = P{t)i where N^/k is the norm 
form attached to a field extension K/k and P{t) in A;[t] is a polynomial, three 
topics have been investigated: 

(i) computation of the unramified Brauer group of such varieties over ar- 
bitrary fields; 

(ii) rational points and Brauer-Manin obstruction over number fields (under 
Schinzel's hypothesis); 

(iii) zero-cycles and Brauer-Manin obstruction over number fields. 

In this paper, we produce new results in each of three directions. We obtain 
quite general results under the assumption that K/k is abelian (as opposed 
to cyclic in earher investigation). 

MSC classification : 11G35, 14G05 

Keywords : Brauer group, Brauer-Manin obstruction, rational point, zero- 
cycle. 
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Introduction 



A class of geometrically integral varieties defined over a number field k satis- 
fies the Hasse principle if a variety in this class has a fc-rational point as soon 
as it has rational points in all the completions of the field k. For example, 
quadrics, Severi-Brauer varieties are known to satisfy this principle. How- 
ever, counterexamples to the Hasse principle are also known even in the class 
of rational varieties. In 1970, Manin ([20], [21]) showed that an obstruction 
based on the Brauer group of varieties, now referred to as the Brauer-Manin 
obstruction, can often explain failures of the Hasse principle. Further work 
(see [T] for a survey) has shown that for some classes of rational varieties the 
Brauer-Manin obstruction is the only obstruction to the Hasse principle. 

For some classes of varieties for which the Hasse principle has been proved, 
weak approximation is also known: namely, given a variety X over a number 
field k, and given a /c^-rational point of X for each f in a finite set of 
places of k, one may find a /c-rational point on X as close as one wishes 
to each Pu(for the w-adic topology). However, for more general unirational 
varieties, counterexamples to weak approximation are known, and one may 
define a Brauer-Manin obstruction to weak approximation ( [T] , [8] , [11] ) and 
ask whether it is the only obstruction in the class of geometrically unirational 
varieties. 

For general varieties, it seems quite unreasonable to hope for such state- 
ments. A more reasonable conjecture relates to zero-cycles of degree 1. A 
variety defined over a field k has a zero-cycle of degree 1 over k if and only if 
the degrees of the finite field extensions K/k over which it acquires a rational 
point are globally coprime. There also exist counterexamples to the Hasse 
principle for zero-cycles of degree 1. Similarly, one may define a Brauer- 
Manin obstruction and ask whether this is the only obstruction for arbitrary 
smooth projective varieties over a number field ([2]). 

The present paper focuses on varieties defined over the ground field k by 
an equation 

NK/k{^) = P{t), 

where K/k is a finite field extension, N^/k denotes the norm map, S is a 
"variable" in K and P{t) G k[t] is a nonconstant polynomial. 

To compute the Brauer-Manin obstruction, one must compute the Brauer 
group of a smooth projective model of the variety under study. That group 
is sometimes referred to as the unramified Brauer group of the variety. 
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In 2003, CoUiot-Thelene, Harari and Skorobogatov ([1]) discussed the 
unramified Brauer group for varieties defined by an equation Nx/kC^) = P{t)- 
In fact, they defined a partial compactification of the smooth locus of these 
varieties. For this partial compactification, they gave a formula for its vertical 
Brauer group and the quotient of its Brauer group by the vertical Brauer 
group. They pointed out that sometimes the unramified Brauer group can 
be calculated by the formula. However, it is still open how to determine the 
unramified Brauer group for more general cases. They also raised questions 
about the unramified Brauer group of two special examples ([4j, p. 82 and 
p. 83). 

In §2, building upon the formula for Br(X) in j^, we compute Br(X'^) in 
several new cases. 

In §2.1, for P{t) irreducible and K/k "general", we show Br(X'^) = 
Bro(X'=) (Theorem EJl). 

In §2.2, for P{t) irreducible and K/k abelian, we show that the quotient 
Br(X) /Br(X^) is 2-torsion, and we show that the quotient is trivial in many 
cases (Theorem 12. 5p . 

In §2.3, motivated by the question in [1], we give a formula for Br(X^) /Bro(X'^) 
when K/k is bicyclic and P{t) has all roots in k, possibly multiple. 

In a series of earlier papers, rational points and zero-cycles of degree 1 
have been studied on smooth projective models of varieties defined by an 
equation Nx/ki^) = P{t)i and more generally on varieties fibred over the 
projective line whose general fibre is birationally a principal homogeneous 
space under a torus. 

Under Schinzel's hypothesis (H), the question was first studied by CoUiot- 
Thelene and Sansuc (j9]). Further work under (H) is due to Swinnerton-Dyer, 
Serre, Colliot-Thelene, Skorobogatov ( [271 , , [H] , [13] ) • 

As explained in [2] and [13], a device due to Salberger [23] enables one to 
transform some of the conditional proofs for the existence of rational points 
obtained under (H) into unconditional proofs for the existence of zero-cycles 
of degree 1. 

In [13] , restrictions are made on the fibres : on the one hand one assumes 
that the Hasse principle and weak approximation hold in the smooth fibres, 
on the other hand one requires some abelianity condition for the splitting 
fields associated to the components of the singular fibres. 

In this paper, we prove results of the above type in cases not covered by 
[T3] .' either the Hasse principle need not hold in the fibres, or the abelian 
splitting condition is not fulfilled. 
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We consider three types of varieties over the ground field k: 

(1) Varieties defined by an equation Nx/kC^) = -P(^)) where K/k is an 
abehan extension and III^(T)p = IIl5(T) (see §1 for definition). 

(2) Varieties defined by an equation {xl — axl){yf — by2){zf — abz2) = Pit) 
where a,b E k*. 

(3) Varieties defined by an equation Nx/kC^) = P{t) where K/k is of 
degree 3 (non-Galois). 

In §3, we prove: 

Theorem 0.1. Let V be the smooth locus of one of the above three varieties. 
Assume Schinzel's hypothesis holds. Then the Brauer-Manin obstruction to 
the Hasse principle and weak approximation for rational points is the only 
obstruction for any smooth proper model ofV. 

In §4, we prove: 

Theorem 0.2. Let V be the smooth locus of one of the above three varieties. 
If there is no Brauer-Manin obstruction to the existence of a zero-cycle of 
degree 1 on a smooth proper model of V , then there is a zero-cycle of 
degree 1 on (defined over k). 

1 Some recollections from and some com- 
plements 

Let us recall some results from [4j. Let /c be a field of characteristic zero. Let 
P{t) e k\t\ be a nonzero polynomial. We consider the affine variety over k 
defined by 

NK,k{^) = P{t) (1) 

where K/k is a finite product of finite separable field extensions of k, H is 
a variable in K and Nx/k is the formal norm associated with the extension 
K/k. In [1] K/k is a separable finite field extension. In fact much of the 
theory holds for K/ k a product of fields. This point will be usually used in 
late sections. 

Let V C A^"^^ ^ X Rx/ki^x) be the smooth locus of the affine hyper- 
surface defined by the equation ([1]). If P{t) is separable, V is the hypersur- 
face defined by ([1]). The projection (S,t) 1 defines a surjective morphism 
p : V ^ Al. Let Uq C A^ be the open subset defined by P(t) ^ and 
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U = p~^{Uq) C v. Let E/k be the minimal Galois extension which splits 
P{t) and contains K. Let T = and T be the character group of 

T. The Picard group of Uq Xf^ E is zero and there exists an isomorphism of 
i?- varieties 

Ue ^ Uo,E XeTe^ Uo,e Xe Gl-\ 

Therefore Pic(f/s) = and the quotient E[U]*/E* is generated by the linear 
factors of P{t) over E and the characters of Te- Let T'^ be a smooth T- 
equivariant compactification (as in p]). The contracted product U x'^ T'^ is 
a partial compactification of U and proper and smooth over Uq. Let X be 
the smooth fc- variety by gluing V and U x'^ T'^ along U. In this paper X is 
called the CHS partial compactification of V. 

In [3] the following results are established : The natural map k -^k[X]* 
is an isomorphism, Pic(X) is finitely generated and torsionfree, Br(X) = 0. 

By Hironaka, one may find a smooth proper compactification X C X'^ 
with a morphism X'^— )-P^ extending the morphism X— )-P^.. There are natural 
inclusions 

Br(X^) ^ Br(X). 

One is interested in knowing when these are equalities. Recall that for any 
/c- variety V, the image of the natural map Br(A;)^Br(V^) is denoted Bro(V^). 
There are also natural inclusions 

Br,e.t(X) ^ Br(X) 

and 

Br„,,i(X'=) ^ Br,,,i(X'=) 

where BiyertiX) denotes the subgroup of Br(X) whose image in the Brauer 
group Brx^ of the generic fibre of X— )-P^ is in the image of Br(A;(P^))— )-Br(X^), 
and similarly for BiyertiX'^). 

One is interesting in deciding which groups contribute to Br(X) and to 
Br(X'^), and ultimately in computing Br(X'^). 

Let Z[K/k] denote the Gal(E/A;)-module Z[Ga\{E/k)/Ga\{E/K)]. Write 
P{t) = cpi{tY^ ■ ■ ■ pmitY"" where Pi(t) is irreducible. Let Zp be the per- 
mutation Gal(-E/A;)-module associated with the polynomial P{t), which is a 
direct sum of Z[Li/k] where Li = k[t]/ {pi{t)). Let Xj = X^./^ G Z[Li/k] be 

a with a running over all embeddings of Li into E. Similarly we denote 
X' = Nx/k £ 1j[K/k]. It is easy to verify that as Gal(-E'//c)- modules 

E[U]*/E* ~ (Zp © Z[K/k])/Z{eiNi + ■■■ + e^X^ + X'). 
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Let F/k be a Galois extension and M be a finitely generated GaX{F/k)- 
module. For simplicity, in this paper we always denote 

H%F/k,M) =: H\Gal{F/k),M). 

U F = k, we denote it simply by H^{k, M). We define 

mi{F/k, M)= fl KeT[H\F/k, M) ^ H\{g) , M)] 

c/eGal(F/A:) 

where {g) is the cyclic subgroup of Gal(F//c) generated by g. If F = k, we 
also simply denote ml{k/k, M) by HI j,(M). Let M be a Gal(F/A;)-module, 
it can be viewed as a Gal(A;/A;)-module naturally. If M is torsion- free of finite 
type, we have 

ml{F/k,M) = ml{M). 

Let jp : Z — !■ Zp be defined by sending 1 to — (ciA^i + ■ ■ ■ + CmNm)- Let 
F/k he a. Galois extension and F D E. For any Gal(F//i;)-module M, jp 
induces a morphism M — )■ M (g> Zp. We define 

ml{F/k, M)p = Ker[m2 (F/fc, M) ^ mf,(F/fc, M ® Zp)]. 

If F = /c, we simply denote it by in^(M)p. 

With the similar notation as above, Colliot-Thelene, Harari and Sko- 
robogatov proved the following theorem: 

Theorem 1.1. ^ Proposition 2.5] Let X/k he the CHS partial compactifi- 
cation of V as above. Then: 

(a) There is the following exact sequence 

^ H\k,f^Zp)/jp,H\k,f) H\k,Pic(X)) LQ 2 (f)p 0. 

(2) 

(b) The elements of Bt(X) whose image in H^{k, Pic{X)) come from H^[k,T® 
Zp) are precisely the elements of Bi^ertiX) . 

Under the assumption H^{k, k ) = 0, which is satisfied if is a number 
field, the above exact sequence ([2]) identifies with 

O^Br,,rt(X)/Bro(X)^Br(X)/Bro(X)^m2 (f )p ^ 0. (3) 
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As in [1], we also have the following exact sequence 
O^H^E/k, f ® Zp)/jp,H\E/k, f)^H\E/k, Pic{XE))^UIl{E/k, f)p^O. 
We also have the following commutative diagram: 

O^H'{E/k, f ® Zp)/jp,H\E/k, f)^H\E/k, Vic{XE))^ml{E Ik, f )p-0 
^H\k, f ® Zp)/jp,H\k, f) ^H\k, Pic(X)) (fc, f )p^0 

So we can see the morphism p is an isomorphism. 

Let us mention the easy application of the Theorem 11.11 

Proposition 1.2. Let k, K, P{t), X be as above. Assume that K is a field, 
and that the extension K/k is abelian, and that P{t) is irreducible. Then 

(a) H\k,f(8)Zp)/jp,H\k,f) = 0. 

(b) Bro(X)^Br,e.tW. 

(c) IfH^ikX) = 0, then Br(X)/Bro(X) ~ UIl{f)p. 

(d) If K/k IS cyclic, then H\k, Pic(X)) = 0, hence Bto{X) = Br(X). 
Proof. Let L = k[t]/{P{t)). We know 

H\k, f®Zp) = H\L, f) = KeT[H\L, Q/Z) ^ H\L.K, Q/Z)] 
= Hom(Gal(L.K/L),Q/Z). 

Since the extension K/k is abelian, the restriction morphism 

Hom(Gal(i^/A;),Q/Z) ^ Hom(Gal(L.K/L), Q/Z) is surjective. 

So H\k,f®Zp)/jp,H\k,f) =0. 

If K/k is cyclic, then IIIJ(T) = 0. By the sequence ([2]), we have 
H^{k,Fic(X)) = 0. □ 

Let T' be the torus over k defined by 

m 

l[NL^/,{E,r-NK/kir) = l. 



We can see 

E[U]*/E* ~ f' 

as Gal(-E'/A;)-modules, where T' is the character group of T' . Therefore we 
have 

ml{E/k,E[ur /E*) ^mlif'). 

Proposition 1.3. Let X and X'^ be as in section 1. The natural surjective 
map Pic(X'^)— )-Pic(X) induces an injection 

H\k,Fic(X^)) ^ H\k,Fic(X)) 

and isomorphisms 

mi(Pic(X^)) mi(Pic(X)) ^ m^(f'). 

Proof. The open set f/ C X C X'^ is the smooth affine variety defined by 

NK/ki^) = Pit) and P{t) ^ 0. 
We have the following exact sequence 

^ k[U]*/k* Div^\^(X^) ^ Pic(X^) ^ Pic(f7) ^ 

We already know Pic(f/) = 0. Since Div^^^(X'^) is a torsion-free permuta- 
tion Gal(A:/A;)-module, we deduce H^{k,'Dwj^xi[j{X'^)) = 0. Then we have 
the following exact sequence 

^ H\k,Pic(X^)) -> H\k,k[U]*/k*) H\k,Dwj^\jj(X~^)). 

Thus we obtain the exact sequence 

^ mi(Pic(X^)) ^ uilCk[ur/k*) ^ m^(Div^\^(x^)). 

Since Div^^fj(X'^) is a permutation Gal(/c/A;)-module, we deduce 

m^(Div^^^(x^)) = o. 

Thus mi(Pic(X^)) ~ ml{k[U]*/k*). And k[U]* /k* ~ f' as Gal(A;/A;)- 
modules. Thus we have mi(Pic(X^)) ^ mUf'). 
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Since A;[X]* = k*, we have the exact sequence 

^ k[U]*/k* Bivx^jjiX) -> Pic(X) ^ Pic(F) ^ 0. 

With similar arguments as above, we have III^(Pic(X)) ^ UI'^{k[U]* /k*). 
Furthermore we have the following exact sequence 

ml{Pic(x))^ml{k[ur/k*). 

Thus mi(Pic(X^)) ~ mi(Pic(X)). □ 

Remark 1.4. Proposition M . 3\ gives a description of a subgroup ofH^{k, Pic(X'^)). 
Using this proposition, we can give some nontrivial varieties X (defined as 
above) such that there exists a nonzero element in III^(T)p which comes 
from Br(X'^). For example, suppose k is a field satisfying H^{k, k*) = 0, X 
is the CHS partial compactification of the smooth affine k-variety defined by 
such eguation Nx/ki^) = Pit) which satisfies: 

(a) K = k(^/a, a/6, ^/c) and [K : k] = 8, where a,b,c G k* ; 

(b ) P{t) is an irreducible polynomial over k and suppose k\t\/ {Pit)) = k[y/a^ \/b) . 

2 Calculation of the Brauer group 

In this section, we keep notation as in and as in §1 above. In [1], CoUiot- 
Thelene, Harari and Skorobogatov gave a formula for the vertical Brauer 
group Br„ert(^) and the quotient Br(X)/Br„ert(^)- They pointed out that 
the vertical unramified Brauer group Bi^erti^'^) can be calculated by the 
formula. However, it is still open how to determine the unramified Brauer 
group Bt{X'^). The aim of this section is to investigate the unramified Brauer 
group Br(X'^). 

2.1 The case P is irreducible and some linear indepen- 
dence condition is satisfied 

Lemma 2.1. Let Pit) be an irreducible polynomial and let L = k[t]/ {Pit)) . 
Let K'^'' (resp. L'^^) be the Galois closure of K (resp. L) overk. IfLCiK'^'' = k, 
then m2(f)p = 0. 
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Proof. The field E is the composite K'^KL^K We know IQ^ (f ) = ml{E/k, f). 
Then 

m^(f )p = Ker[jp, : HI^ (f ) ^ HI^ (f ® Zp)] 

= Ker[jp, : m2(E/A;,f) -> HI^ (E/A;, f ® Zp)] 
= Ker[jp, : Ull{E/k, f) -> //^(^/^^ f ^ ^^)], 

By Shapiro's lemma, we have 

H'^{E/k, f ® Zp) ~ H^iE/L, f). 

Thus 

m2(f)p = Ker[i?esi/fc : ml{E/k,f) ^ H^{E/L,f)]. 
We have the following commutative diagram 

ml(E/k,f) ^H\EIL.f) 

A A 

(i^'^'/fc, f ) ^ H'^{L.K'^/L, f). 

Since Gal(£'/J'r'^') acts trivially on T, / is an isomorphism. By the Hochschild- 
Serre spectral sequence one obtains the exact sequence 

H\E/L.K'^,ff^^^^/^^ ^ H\L.K'^/L,f) H^{E/L,f). 

We know T is a torsion-free module with trivial Gal(-E/L.i^'^')-action. Thus 
H^{Gal{E /L.K'^^),T) = 0. Then g is injective. So we have 

ml{f)p = Ker[m2(K-7A;,f) ^ H^{L.K'^' / L,f)]. 

Since LdK'^'' = k, we have a natural group isomorphism between Gal{L.K'^'' /L) 
and Ga\{K'^'' / k) . Therefore 

H\K''^/k,f) ^ H\L.K^^/L,f). 

Directly we have EQ^ (f )p = 0. □ 

Remark. In fact, we can prove a more general result. Let P(t) = pi{t) ■ ■ - pmit), 
where each Pi(t) is an irreducible polynomial and pi(t) ^ Pj(t) for any i ^ j. 
Let Li = k[t]/ {pi(t)) . If there exists such that Li^^ fl K'^^ = k, then 
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Theorem 2.2. LetP(t) be an irreducible polynomial overk and L = k[t]/{P(t)). 
Let V be the smooth affine variety over k defined by Nx/k{^) = Pit)- Let 
be a smooth compactification of V and K'^^ the Galois closure of K over 
k. IfLn K^^ = k then Br(y^)/Bro(\^^) = 0. 

Proof. Since 

Br(V^")/Bro(y") = Br(X^)/Bro(X") C Br(X)/Bro(X) ^ H\k,Fic(X)), 

we only need to show H^{k, Pic(X)) = 0. 

Since LnK'^'' = k, we have III ^(T)p = by Lemma [2m So we only need 
to show H^(k,T Zp)/ jp^H^{k,T) = by the basic sequence 

Obviously 

H\k, f ® Zp)/jp,H\k, f) ^ H\E/k, f ® Zp)/jp,H\E/k, f). 

By Shapiro's lemma, we have 

H\E/k, f ® Zp) ~ H\E/L, f). 

Since L fl K"^^ = k, there is a natural isomorphism between Gal^L.K'^'- /L) 
and Gal{K^^/k). Thus 

H^L.K"^ /L,f) ~ H\K''^/k,f). 

Therefore we have the following commutative diagram 

H^{E/k, f) H^E/k, f ® Zp) 

- H\E/L,f) 
H^iK^^/k, f) — ^ H^EK^^/L, f) 

Directly we deduce 

H\E/k,f0Zp)/jp,H\E/k,f) = O. 

□ 
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By the above theorem and Proposition II. 3[ we have an apphcation for 
certain muhi-norm tori. 

Corollary 2.3. Let L and K he extensions over k. Let T' be the torus over 
k defined by NL/k{'^i)NK/k{'^2) = 1- If L n K'^^ = k or K/k is cyclic, then 
III^(T') = 0, in particular, if k is a number field, principal homogeneous 
spaces of T' satisfy the Hasse principle and weak approximation. 

Proof. Let P{t) be an irreducible polynomial over k such that L ~ k[t]/ {P{t)). 
Let V be the smooth affine variety over k defined by P(t) = Nx/ki^)- By 
Proposition O, we have ^lif') C H^{k,Vic(y^)). The statement follows 
from Propsition 11.21 and Theorem 12.21 

Suppose A; is a number field. Since ni^(T') = 0, the result follows from 
the fact that the Brauer-Manin obstruction is the unique obstruction to the 
Hasse principle and weak approximation for principal homogeneous spaces 
of tori (Theorem 8.12 in [23] or Theorem 5.2.1 in |2B])- CD 

Remark. The case where Kj k is cyclic in Corollary \2.3\ was proved in an 
unpublished paper of Sansuc. 

2.2 The case P{t) irreducible and K/k an abelian field 
extension, under no linear independence condition 

In this section, we investigate the case where P{t) is irreducible and K/k 
abelian. The main result in Theorem 12. 5[ which in many situation gives a 
good control on the quotient Bt[X)/Bt{X'^). 

Let P{t) be an irreducible polynomial over k and K/k an abelian exten- 
sion. Let L = k[t]/{P{t)). Recall E/k the minimal Galois extension which 
splits P{t) and contains K. Let G = Gal{E/k). Let g be an element of 
G and Eg the fixed field of (g) in E. We have the following commutative 
diagram: 

O^H\E/k, f Zpj/jp,H\E/k, f)^H\E/k, Pic{X E))^UIl{E^k, f)p^O 
O^H\E/Eg, f (g) Zp)/jp,H\E/Eg, f)^H\E/Eg, Pic(Xs))-m2 (E/E^, f )p-0 

Since Ga\{E/Eg) is cyclic, one has 'ni'^(E/ Eg,T) = 0. From the above 
commutative diagram, we have a natural map 

/, : H\E/k,Pic{XE)) ^ H\E/Eg,f®Zp)/jp,H\E/Eg,f). 
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Let Kg = EgCi K and H = Gal{E/Kg). Since K/k is an abelian extension, 
Kg/k is also an abelian extension. Then if is a normal subgroup of G. And 
K/Kg is cyclic. Then 

ml{E/Kg,f) = ml{K/Kg,f) = o. 

Similarly, we have the commutative diagram: 

H\E/k, f ® Zp)/jp,H\E/k, f) H\E/k, Vic{Xe)) 

\ I Res 

H\E/Kg, f ® Zp)/jp,H\E/Kg, f) H\E/Kg, Pic(Xs)) 

I I Res 

H\E/Eg, f ® Zp)/jp,H\E/Eg, f) H\E/Eg, Vic{Xe)) 

Since the image ofH^E/k, Pic(Xj5)) in H\E/Kg, Pic(Xs)) is G/if-invariant, 
the map fg is equal to the composite map 

H\E/k, Pic(Xs)) [H\E/Kg, f ® Zp)/jp,H\E/Kg, f)f'^ 

^ H\E/Eg, f ® Zp)/jp,H\E/Eg, f). 

To investigate H^{E /k.Vic^XE)), we will use its image in H^{E/Eg,T 
Zp)/ jp^H^{Eg, T). In fact its image is contained in the subgroup [H^{E/ Kg, T® 
Zp) / jp^H^(E / Kg,T)]'^^^ . In the following, we will calculate this subgroup. 

Let Lg = Ln Kg. Let P{t) = c{t - ii) ■ ■ ■ {t - ^n),^i e E. We can see 
Gal{E/Lg) can act on the set {^i : 1 < i < n}. Thus the set will split into 
some orbits Oi, ■ ■ ■ ,0m- Let Pi(t) = Yl^eoS^ ~ 0- Then we have P(t) = 
cpi{t) ■ ■ - pmit), where pi(t) G Lg[t]. Since Lg/k is Galois (in fact it is abehan), 
the group Gal(Lg/A;) acts transitively on the set {pi{t) : 1 < « < m}. Let 
Li = Lg[t]/{pi{t)). We can see Li = L and there is the natural isomorphism 

m 

H\E/Kg, f ® Zp) ^ YLom{Q&\{Li.K/Li.Kg), Q/Z) 

i=l 
m 

= Hom(Gal(if/i^ n {L,.Kg)), Q/Z). 

i=l 

Since Gal(ii'/A;) is abelian, the group GdX{E/k) trivially acts on Hom(Gal(-ft'/J'rn 
{L,.Kg)),Q/Z). Let 

R = }iom{Ga\{K / K D (Li.Kg)), Q/Z) = liom{Gal{K/K f] (L.Kg)), Q/Z). 
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Then we have 

H\E/Kg, f ® Zp) ~ R[Ljk] 

as Gal(£'/A;)-modules. 

Denote A = G8\{Lg/k). Let = Xlo-eA "^^^ following diagram 



H\E/Kg, f) -^H\E/Kg, f ® Zp 



Res 



R[Lg/k] 



is commutative and the image of Res in R[Lg/k] is R- N. Then we have an 
isomorphism as Gal(i?//i;)-modules 

H\E/Kg,f^Zp)/jp,H\E/Kg,f)c:^R[A]/{R-N). 

Then 

[H\E/Kg,f(^Zp)/jp,H\E/Kg,f)f/'' ^ [R[A]/{R-N)f. 
By the exact sequence 

O^R^ R[A] R[A]/{R ■ iV) ^ 0, 
we have an exact sequence 

O^R^R^ [R[A]/{R ■ iV)]^^Hom(A, R)^0. 

Therefore [R[A]/{R ■ N)]^ ~ Hom(A, R). 

Let ip G Hom(A, R), we define f{ip) = J2aeA V^(<^)o"- Let ctq G A, we have 

cr cr 

= -^{ao)J2(^ eR-N. 

cr 

Then fX^) e [i?[A]/(i?- A^)]^. 
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Assume f{ipi) = f{'ip2)- Then X]o-(V'i('^) ~ i'2{ci'))cr E R - N. So we have 
'^i{<^) — V'2(c") is a constant for all cr G A. Let e be the unit of A, we have 
■ipi{e) — ip2{e) = 0. Then ipi = ip2. So we have 

[i?[A]/(i? ■ iV)]^ = {/(^) I V' G Hom(A, R)}. 

Since K/Kg is cyclic, we can choose x to be a primitive character of 
Gal^K / Kg). And i?es(x) is also a primitive character Xi of Gal(-ft'/ii'n 

Lemma 2.4. 74ni/ element in the image o/Br(X) m Br(X£;^) /ias the form 
^ = p + ^ ?/^(a)CoresLj(t)<x/fc(t) {t - 7]i, Res{x)) 

aeGal(Lg/k) 

= p+ J2 ^(^)(pi(^r,x), 

aeGal(Lg/k) 

where pe Br(Eg), tp G Hom(Gal(L5/A;), Z/6) and 6 = i^Ga\{K/Kn{L.Kg)). 

Proof. It follows from the above argument and the remark on p. 76 of [1]. □ 

Theorem 2.5. Suppose char{k) = 0. Let P(t) be an irreducible polyno- 
mial over k and K/k an abelian extension. Let L = k[t]/{P{t)). Let X 
be the CHS partial compactification defined in as recalled in §i, X'^ the 
compactification of X. Then: 

(a) The quotient Br(X)/Br(X'^) is 2-torsion. 

(b) Br(X'^) = Br(X) if one of the following conditions holds: 

(1) Ga\{K/k) ^ Z/2' x A, where 1 > and A is of odd order; 

(2) [Lr\K : k] IS odd; 

(3) [L: in K] IS even; 

(4) There exists s > 1 such that 2'^ | [L : k] and the cokernel of the 
multiplication by 2*~^ on GaA{K/k) is of odd order; 

(5) L/k contains an abelian subfield L' jk with Gal(L'//c) = (Z/2)'^. 
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Proof. Let k{X) be the function field of X. For each discrete valuation ring 
A which contains k and with fraction field k{X) and residue field k^, there 
is a residue map 

dA:BT{k{X))^H\KA,Q/Z). 
Since char{k) = 0, Grothendieck's purity theorem (cf. Thml.3.2 [H]) gives 

Br(X") = f]KeT{dA) C Br(A;(X)), 

where A runs through all discrete valuation ring. 

Let B G Br(X), firstly we will prove 2B G Br(X'^). Assume it is not, then 
there is a discrete valuation ring A such that 

2dA{B)^0eH\KA,Q/Z). 

Then there is an element g G GaA{KA/ k,a), such that 

2a^(S)(^7)7^0GQ/Z. 

Since /c C ka, we can fix an embedding k "-^ ka- Let E'g be the fixed field 
of g in E. Let Kg = K (1 Eg and Lg = L (1 Kg. There is a natural map 
/ : Br(X) ^ Br(XEj. 

Let b = ifGal{K/Kn{L.Kg)). By Lemma [231 there exists ipB G Hom(Gal(Lg/A;), Z/b) 
such that 

/(i3)=p+ 5^ M^)iMtr,x) 

aeGa.\{Lg/k) 

where p G Bi^Eg) and x is a primitive character of Gal{K/Kg). Since 
Eg{X)/k{X) is a finite extension, there is a discrete valuation ring G 
Eg{X) which extends A. Since Ag/A is unramified, we have KAg = i^A-Kg. 
So g E Gal{RA/ i^Ag)- By Proposition 1.1.1 in [T^, we have 

dA(B)ig)=dAg{m)ig). 

Then 2dAgifm^0. 

Let m = i^GaA{K/Kg). We will discuss the question by two cases, 
(a) The case ordAg{t) > 0. 

Since dAg{f{B)) ^ 0, there is a ctq such that or(iA3(pi(t)'^°) > 0. And 
ordAg{pi{tY) = for cr 7^ o-Q 
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since Pi{ty and Pi{tY'^ are relatively prime. Then we have 
Therefore 

by the equation Nx/ki^) = A contradiction is derived. 

(b) The case ordAg{t) = 6 < 0. 
Denote deg{pi(t)) = d. Then 

ordA,{pi{tr) = 5 ■ deg{pi{tY) = 5 ■ deg{pi{t)) = 5d. 

Therefore 

dAMi^)) = 5^ V^B(cr)ord^,(pi(t)'^) ■ x = SdJ^M^) " X- 

a a 

Let 7/^(Gal(Lg/fc)) = (m) C Z/6 where h = 4^Ga[{K/K n {L.Kg)) and u \ h. 
Then we have 

dA,U{B)) = Sd ■ #Ker(^B) ■ n(l + 2 + ■ ■ ■ + 6/n - 1) ■ x 
= Sdb-i^KeT{iJs)-ib/u-l)/2-x. 

And 

m=[K:Kg] = [K:Kn (L.Kg)] ■ [K n (L.Kg) : Kg] 
= b.[Kn{L.Kg):Kg]. 

Since 

[L.Kg : i^,] = [L : = and [K n (L.J^,) : | [L.Kg : J^, 

one has [K fl (L.Kg) : /^g] | rf. Let 

rf' =d/[K n (L.Kg) : /STJ = [L.Kg : /sT n (L.Kg)] 
= [L.K : K] = [L : LnK]. 

So we have 

dA,{fm = 5md' ■ #Ker(V;e) ■ {h/u - l)/2 ■ x- 
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Since m ■ x = 0, we have 

2dA,ifm = o, 

it is a contradiction to 2dAg{f{B)) 7^ 0. Then we prove 2B G Br(X'^). 

By the above proof, if 2 | (5(i'-#Ker('?/'g)-(6/M — 1) for each cychc subgroup 
(g) C Gal{k/k), then d^iB) = for every discrete valuation ring A containing 
k and with fraction field k{X), therefore B G Br(X'^). 

Case (1). If z = 0, then the order Gal(-ft'/A;) is odd. Therefore 2 | {b/u — 1). 

Suppose i > 0, then Gal{K/k) = HiX H2, where Hi is cyclic and of order 
2* and H2 is of odd order. By the Kiinneth formula (p. 96 in [22]), we have 

H\Ga\{K/k),Q/Z)= H\Hi,W{H2,Q/Z)). 

i+j=2 

Since the order of Hi and H2 is relatively prime, we have 

H\Hi,H\H2,Q/Z)) = 0. 
And H'^{Hi, Q/Z) = since Hi is cyclic. Then we have 
H\Ga\{K/k),Q/Z) = H\H2,Q/Z). 

Let h = #i/2. Since H^{k,Fic{X)) = ml{K/k,f)p C H\G8A{E/k),Q/Z), 
we have h ■ H\k, Pic(X)) = 0. 

Let B G Br(X). Since Br(X)/Bro(X) ^ H\k, Pic(X)) and 9A(Bro(X)) = 
0, one has 

hdAiB)=OeH\KA/KA,Q/Z). 

On the other hand we have 

2dA{B)=0eH\RA/KA,Q/Z) 

by the above argument. Since (2, /i) = 1, we have OaIB) = G H^{Ra/ i^a-, Q/Z). 
So Be Bt{X^). 

Case (2). We have ipe is of odd order. So b/u is odd, then 2 | — 1). 
Case (3). Obviously 2 \ d' = [L : L n K]. 

Case (4). If 2'\[Lr]K -.k], then [L: Lr]K]is even. We have 2 | d'. So 
we only need to consider the case 2^ \ [L H K : k]. 

Let 2' \[LnK : Lg] and 2'+^ \[Lr]K : Lg]. Since [(L n K).Kg : K^] = 
[L n A' : Lg] , we have 

[/r : (L n K).Kg] = [K : Ag/[L n K : Lg]. 
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Since (L n K).Kg C K n (L.Kg), we have [K : K n (L.Kg)] is a factor of 
[K : {LnK).Kg]. Since K/ Kg is cyclic and the cokernel of the multiphcation 
by 2^~^ on Ga\{K/k) is of odd order, one has K/K fl (L.Kg) is of degree 
with a < s — i — 1 and 6 is odd. On the other hand Lg/k is of degree 2" fe' 
where a' > s — i and 6' is odd. Then the kernel of the map 

ipB : G8A{Lg/k) -> H\Ga\{K/K r\{L.Kg)),Q/Z) 

is of degree divided by 2. That is 2 | #Ker(?/^B). 

Case (5). li L' <^ LnK, then 2 | [L : L n /sT]. We have 2 | d'. So only 
need to consider the case L' G L (1 K. 

Since K/Kg is cyclic, L fl K/Lg is also cyclic. Then there is a subfield 
L" of (which is also a subfield of L') with Ga[{L" /k) = Z/2 x Z/2. Then 
2 I #Ker(^B). □ 

Proposition 2.6. Suppose char{k) = and H^{k,k*) = 0. Lei n &e an 

integer and let L/k be cyclic of order n. Let K/k be an abelian extension 
with Gal{K/k) = Z/n x Z/n. Suppose L G K. Let P{t) be an irreducible 
polynomial over k such that L = k[t]/{P{t)). Let V be the smooth affine 
variety over k defined by Nx/kC^) = P(t)- Then 



Br(n/Bro(\/^ 



Z/(n/2) if n is even, 
Z/n if n is odd. 



Proof. Let X be the CHS partial compactification of V (see §1 for definition). 
We have H\k,f^Zp)/jp^H\k,f) = by Proposition O Since L G K, 
we have 

ml{k, f)p = (A;, f ) ~ H^{Z/n X Z/n, Z) ~ Z/n, 

the last equation follows from the Kiinneth formula (p. 96 in [22]). By the 
basis sequence ([2]), we have 

H\k,Vic{X)) ^ ml{k,f)p ~ Z/n. 

Since H^{k, k*) = 0, we have 

Br(X)/Bro(X) ^ H\k, Fic{X)) ~ Z/n. 

If n is odd, the result immediately follows from the case (a) in Theorem 
Then we only need to consider the case n is even. Write n = 2^no where 
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uq is odd and s > 1. By Theorem 12. 5[ the cokernel of BtCV^) /BtqCV^) in 
Br(X)/Bro(X) is killed by 2. Then we only need to show that an element 
A in Br(X)/Bro(X) = H\K/k,Fic{XK)) of order 2" is not contained in 
Br(X'=)/Bro(X^). 

Let (g) be a cyclic subgroup of Gal{K/k). Let Kg be the fixed field of 
(g) in K. We have the following morphism 

/ : H\K/k,Pic{XK)) -> l[H\K/Kg,Pic{XK)). 

Let T' be the /c-torus defined by N^/kiEi) ■ NK/k{'^2) = 1- Since 
Ker(/) = ml{K/k,Vic{XK)) = ml{K/kX) = 

by Proposition 11.31 and Corollary 12. 3[ we have f{A) is of order 2^. 

Let / = Y\(^g) fg and Lg = LnKg. Let L' /k be the unique subfield of L/k 
of degree 2*. If (g) does not fix L', then 2'^ \ [Lg : k]. By Lemma \2A\ the 
order of fg{A) is not divisible by 2^. If the order of (g) is not divisible by 2^, 
then the order of fg{A) is also not divisible by 2^ by Lemma [2.4[ However, 
there exists (go) such that fgo{A) is of order divisible by 2^ since /(A) is of 
order 2*. By the above argument, we know (go) fixes L' and 2'^ | #(5^0)- 
Let 60/A; be the unique subfield of K with Gal{Qo/k) = Z/no x Z/no- Let 
6 = -K'gQ.Go. Then we can see 9 = L'.Qq. 

By the inflation-restriction sequence, we have the kernel of the map 

H\K/Kg„Pic{XK)) ^ H\K/Q,Pic{XK)) 

is of odd order. Since fg{A) G H^{K/Kgg,Pic{XK)) is of order 2'^, we have 
fe{A) e H\K /Q,Pic{Xe)) is also of order 2'. 

Assume there is ^ G Br(X'=) which lifts A. Let /4 : Br(X) Br(X0) be 
the natural map. Then /e is reduced by f^. Since /Q(Br(X'^)) C Br(X@), 
we have f^{A) G Br(X^). 

By Lemma [2.41 we have 

(7eGal(L/fc) 

where p G Br(0), 77 is a root of P{t) in L, ipjs, G Hom(Gal(L/A;), Z/2'^) and 
X G Hom(Gal(-R'/6), Z/2''). Since fgo{A) is of order 2"*, we deduce is of 
order divisible by 2^ and x is a primitive character. 
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The variety Xq contains an open affine B-subvariety U defined by 

J]7Vi^/fc(S,) = P(t) andt^O. 

j 

And Lj/k is of degree 2*. Let Q{u) = m"P(1/m). Let W be the smooth affine 
0- variety defined by 

IINlM^) = Q{u). 
j 

Obviously the open subvariety of W defined by u 7^ is isomorphic to U by 
the map u i-)- l/t,E[ i-)- Ei/t^,E'j i-)- Ej for j > 2, where fi = Let D 

be the divisor of W/Q defined by m = 0. It is easy to see that the divisor D 
is geometricly irreducible. So we have 9 fl = 6, where he> is the function 
field of D. The local ring Ao associated with is a discrete valuation ring, 
ordA]j{t) = — 1 and = i^Ad- So ordA^it — cr{f])) = ~1 for all o". Therefore 

dAMei^)) = - E ^A^)-x- 

creGal{L/k) 

We know Gal(L/A;) is cyclic of order n, is of order 2'^. We have 

= no ■ 2'-\2' - 1) = -no ■ 2^"^ G Z/2^ 

Since x is a generator of Hom(Gal(Js:/e), Z/2") and #Gal(if/e) = Z/2^ we 
have 

^-^(^) ■ ^ = 2'"' ■ X 7^ e Hom(Gal(A70), Q/Z). 

Since fl /s:^^ = 9, we have 

dAMei^))^OEH\KA,,Q/Z). 
On the other hand we have fg{^) ^ Bt{Xq), then the residue 

dAMe{-^)) = Q^H\KA,,Q/Z). 
A contradiction is derived. □ 

Remark. In the case n = 2, we get Bt^V^) = Bro(V^'^), this answers the final 
question in jU Questions on p. 82 and p. 83]. 
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2.3 A case with K/k an abelian field extension and P{t) 
with multiple rational roots 

The part of this section is to prove Proposition 12.8^ which is motivated by 
the Question (a) in [H p. 82]. Let G be a finite group and M a G-module. 
Define 

(G, M) = fl Kei[H\G, M) ^ H\{g) , M)]. 



Lemma 2.7. Let p he a prime and G = Z/p x Z/p. Then 

ml{G,z/p)- 



^/p = 2, 

Z/p if p is odd. 



Proof. Let R = Z/p. Let Hi = (gi) , H2 = {92) and G = Hi x H2. Let 
N = N1 + N2 with Ni = J2aeG/H, for i = 1, 2. Denote 

A = {R[G/Hi] © R[G/H2])/{R ■ N). 

Then we have the following exact sequence 

O^R-^ R[G/Hi] © R[G/H2] ^ A ^ 0. 

Since the restriction map H^{G,Z/p) — )■ H^{Hi,Z/p) x H^{H2,Z/p) is sur- 
jective, we have the following exact sequence 

^ H\G, A) ^ H\G, Z/p) H'^{Hi, Z/p) x H'^{H2, Z/p). 

Let i^s be a non-trivial cyclic subgroup of G and if 3 7^ Hi^H2. It is easy to 
verify that ~ R\H^ as i/g-modules for z = 1,2. Then 

H\H^, R[G/Hi] X i^lG/ifs]) = if z > L 

Therefore we have the following commutative diagram 

^ H\G, A) ^ H\G, Z/p) H\Hi, Z/p) © H\H2, Z/p) 

\ \ \ 
- H\Hs, A) - H\H^, Z/p) 

Therefore we have 

ml{G,Z/p) - fl KeT[H\G,A)^H\Hs,A)]. 

Hsf^Hi,H2 
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By the inflation-restriction sequence, we have 

H\G/Hs,A''') = Kei[H\G,A) ^ H\Hs,A)]. 
Since G/H3 is cychc and A is flnite, one has 

I H\G / H,, A""-^) 1 = 1 if°(G/ff3, A^3) 1 = 1 A^/iVG/^,3(A^^) | . 
It is easy to verify that A"^ ^ Z/p by the exact sequence 

^ Z/p R[G/Hi] © R[G/H2] ^ A ^ 0. 
Furthermore, we have 

O^Z/p^ Z/p © Z/p A^3 H\H3, Z/p) 0. 
So A-'^^* is generated by 

i? ■ iVi © i? ■ iV2 and { 5^ X{g){g, g)\xe H\H,, Z/p)}, 

where ((7, (?) G G/i/i x G'/iJ2- Since G/i/a trivially acts on i? ■ iVi © i? ■ A^'s, 
we have 

Ng/h,{R ■Ni®R-N2)=p{R-Nr®R- N2) = 0. 
And Hi ^ G/H3 since G = Z/p x Z/p and p is a prime. Let 

u = x{.9){9^9) ^ ^) where x is a primitive character. 

Then 

^(^) = X] Xi9)i9,'^) where a E Hi. 

Then we have 

A^G//f3(w) =1^1^ xi9){9,o^) = ^^3) Yl ^3,0^) 

(tGHi g<^Hz 9&H3 aeHi 

g&Hz creHi g&Hs 

'(0,iV2) ifp = 2, 
if p is odd. 
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Therefore we have 

I H\G/H,,^^^) 1 = 1 A«/iVG//^3(A^^) 

If p = 2, we have HI^ (G, Z/p) = 0. 
By the Kiinneth formula, we have 

i+j=2 

Therefore 

H\G, A) ~ Kei[H\G, Z/p) H^Hi, Z/p) © H\H2, Z/p)] - Z/p. 

Suppose p is odd. By the above argument, 

KeT[H\G, A) ^ H\H3, A)] ~ H\G/H^, A^') ~ Z/p. 

Therefore the restriction map H^{G, A) — )■ H^{H^, A) is a zero map. So we 
have (G, Z/p) ~ A) ~ Z/p. □ 

Proposition 2.8. Suppose H^{k,k*) = 0. Let P{t) = cHI^il^ - ^iY' with 
{di, ■ ■ ■ ,dm) = d. Let K/k he an ahelian extension with Ga[{K/k) = Z/n x 
Z/n. Suppose n \ d. Let V be the smooth locus of the affine k-variety defined 
by Nx/kC^) = P{t)- Let be the smooth compactification ofV. Then 

Br(n/Bro(n = ml{K/k,Z/d). 

Proof. Let X be the CHS partial compactification of V (see §1 for definition). 
Let (g) C GaA{K/k) be a cyclic subgroup. Let Kg be the fixed field of {g) in 
K. We have the following map 

/ : Br{X)/BToiX)^l[BT{XK,)/BTo{XK,). 

(9) 

Let f = Y[{g) fg- Since n \ d, the i^^-variety Xxg is i^g-birationally isomorphic 
to X Y, where y is a variety defined by the equation c = Nx/KgC^)- Then 

Br(X^J/Bro(Xi.J = //^(J^,, Pic(F^)) = 



Hp = 2, 
p if j» is odd. 
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since i^/i^'^ is cyclic. If A e Br(X=)/Bro(X'^), we have fg{A) G Br(X^ )/Bro(X^J. 
Then fg{A) = E Br(X^J/Bro(X;,J. Therefore 

Br(X")/Bro(X'=) C Ker(/). 

Let T' be the torus over k defined by 

By Proposition ll.3[ we know Ker(/) ~ in.lj{K/k, T') is contained in Br(X'^) /Bro(X' 
Then we only need to show 

ml{K/kX)^ml{K/k,z/d). 

Let N = EaeG.\{K/k) ^- We know 

f ' = (Z © ■ ■ ■ © Z © Z[K/k])/Z ■ {{di, ■■■ ,dm) + N). 

Let 

M = (Z©---©Z)/Z-(rfi,-- - ,dm). 
Obviously there is the following exact sequence 

Z[K/k] ^ f' ^ M ^ 0. 

Then we have ml{K/k,f') ~ ml{K/k,M). And M = Z/dx M' where 
M' is a free Z-module. We have Ull{K/k,M) ~ ml{K/k,Z/d) since 
ml{K/k,M') = 0. □ 

By Lemma [2.71 and Proposition 12.81 we have the following result. 

Corollary 2.9. Suppose H^{k,k*) = 0. Let p be a prime. Let P(t) = 
cYYiLilt — eiY . LetK/k be an abelian extension with Gal{K / k) = Z/pxZ/p. 
Let V be the smooth locus of the affine k-variety defined by Nx/kC^) = P{t)- 
Let be the smooth compactification of V. Then 



^fp = 2, 

Z/p if p is odd. 



Br(y^)/Bro(n 

Remark. For p = 2, this corollary answers Question (a) m jU p. 82]. 
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3 Rational points under Schinzel's hypothe- 
sis 



Let k he a number field. Let be the set of all places of k and Sinf C 
all infinite places. Let P{t) be a polynomial over k. In this section we 
mainly consider the question whether the Brauer-Manin obstruction is the 
only obstruction to the Hasse principle and weak approximation for a smooth 
and proper model of the fc-variety defined by 

NK/k{^) = P{t) 

where S is a variable in K/k is a finite extension and N^jk is a formal 
norm associated with the extension for the variable S. 

A positive answer was given by CoUiot-Thelene, Sansuc and Swinnerton- 
Dyer in their remarkable paper ([I2]) when the degree of P{t) is 4 and K/k 
is a quadratic extension. A positive answer is also known when the extension 
K/k is of degree 3 and the polynomial P{t) is of degree at most 3 ([6]). For 
k = Q and K/Q arbitrary, and P{t) having just two roots, each of them 
rational, we also have a positive answer ([i].[TB]). 

Conditional results have been obtained under Schinzel's hypothesis (H). 
Under this hypothesis, CoUiot-Thelene, Skorobogatov and Swinnerton-Dyer 
([131 Thm. 1.1 (e)]), proved that the Brauer-Manin obstruction is the only 
obstruction to the Hasse principle and weak approximation for smooth pro- 
jective models of varieties defined by an equation Nxjki/E) = P{t) when the 
extension K/k is abelian and norm equations Nx/ki/^) = c (for any c G k*) 
satisfy the Hasse principle and weak approximation, for instance when K/ k is 
cyclic. Their result is more general, they consider smooth projective varieties 
X over k which admit a fibration over the projective line such that 

(a) A certain abelianity condition on the splitting field of the singular 
fibres holds (Condition (i) in [131 Thm. 1.1]). 

(b) The Hasse principle and weak approximation hold in the smooth 
fibres. 

In this section we shall handle three new classes of fibrations over the 
projective line whose generic fibre is birationally a principal homogeneous 
space under a torus. In each of these classes one of conditions (a) or (b) is 
not in general fulfilled. 

Lemma 3.1. Let k be a number field and K/k a finite field extension. Let 
P{t) be a polynomial over k and T the torus -R^,^(Gm). Let Y be the smooth 
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projective variety over k defined by the equation 



NK/k{^) = P{t). 

Suppose S is a finite set of places of k which contains all archimedean places 
Sinf of k. For V G S , let G Y{k^) and let Vy be an open neighborhood of 
Py with respect to the v-adic topology. Then there is a smooth affine variety 
W over k defined by 

NK/k{^) = P^'\t)^0 

which is k-isomorphic to an open subvariety of Y . Let p : W ^ d 
be the projection by H- 1 and oo be the infinite point o/P^. The affine 

variety W has the following properties: 

(1) There exists P^ G W{ky) such that P'^, G K for each v E S \ S^f- 

(2) The fiber W^o is smooth over k and contains a k^-point P'^ G for all 

V G Sinf- 

(3) Ifml{f)p = ml{f) (see%l for definition), thenml{f)p,., = ml{f). 

Proof. Let p : F — )■ be the natural projection. Let f/o C be a non- 
empty Zariski open set defined by P{t) ^ 0. By implicit function theorem, 
since Y is smooth and geometrically integral over A;, any f-adic neighborhood 
of Py G Y{ky) is Zariski dense on Y. Therefore we can choose a point 
Pv G p^^{UQ){ky) for each v E S such that P^, G K. If f G S* \ Sinf, we let 
P' = P 

Let Qy = p{Pv) G Uo{ky) C A^{k^). The fiber Yp is smooth over ky for 
each V G Sinf- Then we can choose a /c-point Qq G Uo{k) which is different 
from all Q^, close enough to each Qy for each v G Sinf, such that the fiber 
Fqo contains a /c^j-point P^ G Vy- 

Let to be the coordinate of Qq- We choose a change of coordinate by 
u = l/(t-to)- Let R{u) = u'^^s{P)p(^i/u + to) and n = [K : k]. Let 
P^-^\u) = u'''^~'^^^^^'^ R{u) . Then we get the new smooth affine variety W 
defined by 

NK/ki^) = P(') ^ 0, 

where / big enough such that In — deg{P) > 0. Obviously W is ^-isomorphic 
to the open subvariety of p~^{Uo) defined hj t ^ to, which contains all Py for 
V e S- Then W contains all P^ for v e S\ Sinf- And the fiber ^ Yq^. 
So Woo is smooth over k and contains a /c^-point P^ G Vy for all v G Sinf- 
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Write P(t) = cpi{ty^ '''VmiiY"', where pi{t) is irreducible over k. Let 
Li = k[t]/ {pi{t)) and Lf the Galois closure of Li over k. By the assumption, 
we know the map 

e,ResL,/k ■■ ml{k/k,f) -> m2(fc/L„f) 

is zero. So 

ei[Li ■.k]Ull{f) = dCoresK^/k ° ResK,/k^l{f) = 0. 

Then eideg{Li)ml{K/k,f) = 0. Therefore deg{P{t))ml{K /k,f) = 0. 
Obviously nHI^ (f ) = 0. And we have UI^ (f )q = HI^ (f )p since u \ Q{u). 
Then 

m2(f)p(.) = m2(f). 

□ 

Let /c be a number field and K/k a field extension. Let P{t) be a poly- 
nomial over k. Let X be the CHS partial compactification of the smooth 
locus of the affine variety over k defined Nx/kC^) = P{t)- Let E/k be the 
minimal Galois extension which splits P{t) and contains K with the Galois 
group G = GaA{E/k). Let g be an element of G and Let Eg be the fixed field 
of g in E. Let fg : Br(X) — )■ Br(X^g) be the natural map. 

Lemma 3.2. j4ssitme K/k is an abelian extension. For any A G Br(X), 
then fg{A) e Br^XEg) has the following form 

where qi(t) \ P(t) is irreducible over Eg, Sjs^g G Br^Eg) and Xj is a character 
ofGa[{K.Eg/Eg) . 

Proof. We have the following commutative diagram: 

H\E/k, f (8) Zpj/jp,H\E/k, f)^H\E/k, Pic(X^,))^m2 f)p 
H\E/Eg,f®Zp)/jp,H\E/Eg,f)^H\E/Eg,Fic{XE))^ml{E/Eg,f)p 
Since Ga\{E/Eg) is cyclic, we have ml{E/Eg,f) = 0. Then 
Bi{Xe,)/Bto{Xe,) = H\E/Eg,Pic{XE)) = H\E/Eg,mZp)/jp,H\E/Eg,f). 
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Write P(t) = cqi(ty^ ■ ■ ■ qritY'' where qi{t) is irreducible over Eg ioi \ < i < 
r. Let Li = Eg[t]/ {qi{t)) and the residue class of t in Lj. By Shapiro's 
lemma, 

H\E/Eg,f^Zp) = ®UH\E / Eg, f^ZgJ = ®UH\E/L,,f). 

Let Kg = K n Eg and Ki = K n Li. By the exact sequence 

^ Z ^ Z[G] ^ f ^ 0, 

we have H\E/L,,f) = H\K/Ki,f) = Rom{Gal{K/ Ki),Q/Z). By the 
remark on p. 76 of [1], we have fg{A) has the form 

CoresL,jE,{t - ii, Xj) + ^^^g, 

where Sj\^^g G Br(i?g) and xj is a character of Gal(K. Li/Li). Since GaA{K/Kg) 
is abelian, then xj = ResKg/KiiXj) where Xj ^ Hom(Gal(Jir/_K'(,), Q/Z). 
Therefore fg{A) has the form 

YiQi{t),Xj) +SA,g■ 
□ 

Theorem 3.3. Let k be a number field and K/k an abelian extension. Let 
P{t) be a polynomial over k. Let T = i?]^y^(Gm,)- Suppose lT[^(T)p = 

LQ^(T) (see §i for definition). Assume SchinzeVs hypothesis holds. Then 
the Brauer-Manin obstruction to the Hasse principle and weak approximation 
for rational points is the only obstruction for any smooth proper model of the 
variety over k defined by the equation 

iV^/,(S) = Pit). 

Proof. It is sufficient to prove the statement for any given model. Let V be 
the smooth locus of the affine /c-variety defined by Nx/kC^) = P{t)- Let Y 
be a smooth compactification of V with a projection p : y — )■ defined by 
{E,t)^t. 

We will prove both the Hasse principle part and the weak approximation 
part of the theorem at one stroke. We assume that Y has points in all 
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completions of k, and we are given a finite set S of places of k which contains 
all archimedean places Sinf, and points P^, G Y{ky) for v G S. We assume 
that there is no Brauer-Manin obstruction to weak approximation for {Py)i,^s- 
This means that we may complete the family {Py)i,(zs to a family {Pv)v&n such 
that 

G Br(y), J2 inv^iAPv)) = G Q/Z. (4) 

From this, we want to deduce that there exists P G Y{k) as close as we wish 
to each Py G Y{ky) for v G S. 

Since Br(y)/Br(/c) is finite and the pairing of Y{kjj) with elements of the 
Brauer group is continuous, we can choose a neighborhood Vy of P^ for each 
f G S* which is small enough such that the value of every B G Br(y) on is 
constant. By Lemma \3.1\ we can find the smooth affine open subvariety W 
of Y defined by 

iV^/,(S)=pW(t)^0, 
which satisfies the following properties: 

(1) There exists P^ G W{ky) such that f', G K for each v E S \ Sinf. 

(2) The fiber Woo (over the infinite point) is smooth over k and contains a 
/c^-point Py E Vy for all f G Sj^/. 

(3) m^(f)pa) = m^(f). 

Then we can replace all P^, by P^ for all G S*. There is also no Brauer- 
Manin obstruction to weak approximation for {Pv)ves- Let Wq be the open 
subvariety of defined by P^'^^ 7^ 0. We are now looking for a point Q G 
Wolk) with associated coordinate A G /c, such that A is very close to each Qy 
for V E S, V finite, A is big enough at each of the archimedean completions 
of k {Q is close enough to the infinite point), and such that the fibre Wq has 
a /c-rational point. 

Let E/khe the minimal Galois extension which splits P^^\t) and contains 
K. Let G = Gal{E/k). Let g be an element of G. Let Eg be the fixed field 
of (g) in E and Kg = K (1 Eg. Let X be the CHS partial compactification 
(see §1 for definition) of the affine /c- variety defined by 

iVK/fc(S)=pW(t). 
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We know H^{k,Pic{XE)) UI'^{E/k,T) is surjective. Then we can choose 
a finite subset B C Br(X), such that the image of B by the composite map 

Bt{X) -> H\E/k,FiciXE)) ^ ml{E/k,f) 

is III^(i?/A;,T). By Lemma |3.2[ the restriction oi B ^ B to has the 
form 

where qi(t) \ P^^^t) is irreducible over Eg, 6is,g G Br^Eg) and Xj is a character 
ofGal(A7Kg). 

Let {pi{t) I 1 < ^ < m} be all irreducible terms of P^^\t) over k. Let 

A = {{p,{t),x) e Br(Vr) I 1 < 2 < m,x e Hom(Gal(fs:/A;), Q/Z)}. 

We enlarge S so that it contains all the original places at which we want to 
approximate and that it also contains the places associated in Hypothesis 
Hi ([m P- 71]) to the polynomials of P^^\t), all ramified places of K/k 
and all places v such that some inVw{5B,g) 7^ where w \ v is a. place of 
Eg. Since condition (jl]) holds, there is no Brauer-Manin obstruction on Y to 
weak approximation for (Pt,)t,gs. According to Harari's formal lemma (see 
[T3]). we may find a finite set Si of places of k, containing S, and points 
Pv G W{k^), V G 5*1, and which extend the given family 

P,^W{k,),v^S, 

such that for each A E AU B 

^ mvM{Pv)) = 0. 

Now apply Hypothesis (Hi) ([HI p. 72, Proposition 4.1]), we thus find 
X E k close enough to each for the finite places v E Si, X integral away 
from 5*1, and A as large as one wants at the archimedean places, so that: 

(i) The fibre W\ of p contains a fc^j-point which is as close as we wish 
to Pv for all places v E Si, and such that 

inVv{A{Pl)) = mVy{A{Pv)) 

for each A E AU B and v E Si. 
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(ii) For each irreducible term of the polynomial P^^\t), there exists 
a place Vi such that Pi{X) is a uniformizer at Vi and is a unit in if v ^ Si 
and V 7^ fj. 

For each A E AU B, we have 

= ^ ^nt;„(^(P,)) = J2 ^nv,{A{P^)). 

In particular, for each A = (pi(A), x) ^ ^! we have 

^ mw„((pi(A),x)) = 0. 

v£Si 

Since the sum of all local invariants invy of {pi{\), x) over A; vanishes (global 
class field theory), we deduce 

mVy{{pi{X),x)) = 0. 

We have mf„((pj(A), x)) = for i; ^ and v Vi, since Pj(A) is a unit at u 
by condition (ii) above. Then invv^{{pi{\),x)) = 0. 

Since Pi{X) is a uniformizer at and x runs through all characters of 
Gal(i^/fc) and K/k is abelian, we know K/k is totally split at Vi. Therefore 
the fibre Wx contains a fc^. -point P^. for all places Vi. Obviously the fibre W\ 
contains a fc^-point P^ for all places v ^ Si and v ^ Vi for any i, since all 
Pi (A) are units. So the fibre Wx contains a fc^j-point for all places v of fc. 

Let w ^ ^1 and v Vi hi 1 < i < m. Let (^) = Ga\{E^/ky) C Gal(E/F) 
where w is a place of -E over v. Let -Eg be the fixed field of g in E. We fix 
an embedding Eg ^ k^. Then we have 

S(P^) = /,(S)(P^)eBr(fc.) 

where fg is the natural restriction from Br(X) to BT{XEg)- By Lemma [3.2^ 
we know fg{B) has the form J2i jilii'^)^Xj) + ^B,g with gj(t) | P^^\t). Since 
gj(A) has valuation at f , we have 

inVy{B{P^)) = + inVy{6B,g) = 0. 

Let w be some Wj. Let (g) = Gal(P^//c^) C Gal{E/k). By the above 
argument, we know that K^/ky is totally split, then {g) fixes K. We know 

B(P^) = /,(S)(i^,)GBr(A;„), 
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and fg{B) has the form J2i jilii't)^Xj) + ^B,g where Xj is a character of 
Gal{K.Eg/Eg). Obviously Xi = 0. So 

Therefore we have 

The map H^{k, Fic{X)) — )■ III^(T)p(i) in diagram is reduced by the 
map Pic(X)— )-Pic(Xj^), where rj is the generic point of P^. We have the 
following commutative diagram 

II 1^ 
Pic(^M.],_„) -Pic(X,). 

Therefore we have the following commutative diagram 

Pic(X) -Pic(Xs(,)) 

II 1^ 
Pic(X) -Pic(X^). 

By Lemma 2.1([4]), we know the morphism i : Pic(X^(^)) Pic(X)^) is an iso- 
morphism as Gal(A;/A;)-module and Gal{k{t)/k{t)) acts trivially on Pic{Xfj). 
And Pic(Xjj) is torsion-free. Therefore we have the isomorphism 

H\k{t),Pic{X^)) ^ H\k,Pic{X^,^) = H\k,Pic{X-^)). 

Therefore we have the following commutative diagram 

H\k, Pic(X)) H\k{t), Pic(X^)) 

II _ \-- 

H\k, Pic(X)) H^{k, Pic(Xx)). 

Then the image of B by the induced map Br(X)/Br(A;) — Br(XA)/Br(A;) 
is surjective. Therefore there is no Brauer-Manin obstruction on X\ for 
{Pv)venk- Thus there is a /c-point on Wx (= Xx) which is close enough 
to {P^)v£S by the property of the principal homogeneous space of algebraic 
groups (Theorem 8.12 in [23] or Theorem 5.2.1 in □ 
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Remark. The condition III^(r)p = III^(T) is equivalent to the condition 
that the natural morphism 

Br(X)/Br(A;) ^ Br(X^)/Br(fc(7?)) 

is surjective, where X is the CHS partial compactification with the projection 
p : X — 7- A^, and rj is the generic point of . 

As a direct application of this theorem, we have the following corollary. 

Corollary 3.4. Let n be a positive integer and let K/k be an abelian exten- 
sion with GaA{K/k) = Z/n x Z/ri. Let P{t) be an irreducible polynomial over 
k and L = k[t]/{P(t)). Assume that L contains a cyclic subfield of K with 
degree n. Let V be the smooth affine variety over k defined by 

NK/ki^) = P{t). 

Assume Schinzel's hypothesis holds, then the Brauer-Manin obstruction to 
the Hasse principle and weak approximation is the only obstruction for any 
smooth projective model of V . 

Proof. Let L = k[t]/{P{t)) and T the torus /2]^/^(G„). Then Ga\{K/LnK) 
is cyclic. By the exact sequence 

-4 Z ^ Z[Ga\{K/k)] ^ f ^ 0, 

we have 

Ull{f) = H%K/k,Z) and m^(f)p = Ker[H%K/k,Z) H^K/ LnK^Z)]. 

Since K/L n K is cycic, we have H^{K/L n K,Z) = H\K/L n K, Z) = 0. 
Then 

□ 

In the following theorem the condition III 5(T)p = in^(T) is not in 
general fulfilled. 

Theorem 3.5. Let k be a number field and P (t) a polynomial over k. Assume 
Schinzel's hypothesis holds. Then the Brauer-Manin obstruction to the Hasse 
principle and weak approximation for rational points is the only obstruction 
for any smooth proper model of the variety over k defined by the equation 

{xl - axlM - hyl){zl - ahzl) = P{t), 

where a,b & k* . 



34 



Proof. It is sufficient to prove the statement for any given model. Let V be 
the smooth locus of the affine fc-variety defined by 

(xl - axDivl - hyl){zl - ahzl) = P{t). 

Let y be a smooth compactification of V with a projection p : F — )■ P^. If 
one of the three numbers a,b,ab is a square in k*, this theorem is obvious. 
Then we only need to consider the case all numbers a, b, ab are not contained 
in k*^. 

We assume that Y has points in all completions of k, and we are given 
a finite set S D Smf of places of k, and points G Y^k^) for v E S. We 
assume that there is no Brauer-Manin obstruction to weak approximation for 
{Pv)v£S- Since Br(y)/Br(/c) is finite and the pairing of Y{k^) with elements 
of the Brauer group is continuous, we can choose a neighborhood V^, of Py 
for each v E S which is small enough such that the value of every B G Br(y) 
on Vu is constant. With a similar argument as Lemma 13. H we can find an 
open smooth affine subvariety U oi Y defined by 

{xl - axlM - hyl){zl - abzl) = P^'\t) and P^'\t) + 0. 

which satisfies the following properties: 

(1) There exists P'^ G Uik^) such that f „ G K for each v E S \ Smf- 

(2) The fiber Uoo is smooth over k and contains a /c„-point G K for all 

V G Sinf. 

Then we can replace all P^ by for all v E S. There is also no Brauer-Manin 
obstruction to weak approximation for {Pv)vi^s- Let Uq be the open subvariety 
of defined by P^^^ ^ 0. We are now looking for a point Q G Uo{k) with 
associated coordinate X E k, such that A is very close to each for v E S, v 
finite, A is big enough at each of the archimedean completions of k {i.e., Q is 
close enough to the infinite point), and such that the fibre Yx has a /c-rational 
point. 

Let P^^\t) = cpi{tY^ ■ ■ ■pm{tY'^, where Pi{t) is irreducible over k. Let 

A = {{pi{t), b) E Br(f/) \ l<i<m}\j{{xl- axl, b)}. 

We know ( 2,b) is the unique generator of the Brauer group of the 

smooth fibre of Y (see [3]). Obviously A C Br(f/). We enlarge S so that it 
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contains all the original places at which we want to approximate and that 
it also contains the places associated in Hypothesis Hi ([TH p. 71]) to the 
polynomials of P^^\t) and all ramified places of K/k, where K = k{y/a, \/b). 

There is no Brauer-Manin obstruction to weak approximation for {Pv)v£S- 
According to Harari's formal lemma (see [I5]), we may find a finite set 5*1 of 
places of k, containing S, and points P„ G U{ky), v G 5*1, and which extend 
the given family 

P. Gf/(M,^e^, 

such that for each A E A 

inv,{A{P,)) = 0. 

t;65i 

Applying Hypothesis {Hi) ([HI p. 72, Proposition 4.1]), we thus find 
A G /c close enough to each A^, = p{Pv) for the finite places f G 5*1, A integral 
away from 5*1, and A as large as we wanted at the archimedean places, such 
that: 

(i) The fibre Yx of p contains a /c^-point P'^ which is as close as we wish to 
Py for all places v E Si, and such that 

inVy{A{P'y)) = inVy{A{Py)) 

for each A E A and v E Si. 

(ii) For each irreducible term Pi{t) of the polynomial P^^\t), there exists 
a place Vi such that Pi{X) is a uniformizer at Vi and is a unit in k^ if 

V ^ Si and v ^ Vi. 

li V ^ Si, then K/k is unramified at v. Then one of a, 6, ah is a square in 
/c*. Then the fibre Y\ of p contains a /c^-point P'^ for all places v ^ Si. 
For each A E A, we have 

= J2 ^nvMiPv)) = '^'n^MAPv))- 

In particular, for each A = {pi(t), b) G A, we have 

invy{{pi{\),b)) = 0. 
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By the global class field theory, we have 

^ invy{{pi{\),b)) = 0. 

With condition (ii) above, we have inVy{{pi{X),b)) = for v ^ Si and v ^ 
Vi, since Pi{X) is a unit at v. Then invy.{{pi{\),b)) = 0. Since Pi{X) is a 
uniformizer at Uj, we have k(\/b)/k is totally split at fj. 

Let i3 = (x^ — aXj, Let v ^ Si and 7^ f j for 1 < i < m. 
If k{\/b)/k is split at then inVy{B{P'^)) = 0. 
If kjj{Vb) = ky{^/a) is inert over ky, then inVy{B{P^)) = 0. 
If ky{\/h)/ky is inert and ky{^/a)/ky is split, then 

One has 

tnVy{B{P:,)) = {xl-axlb)y = {P^'\X),b\, = 

since P^^^(A) is a unit at v. Therefore we have inVy{B{P^)) = 0. 

Let V be some Vi. Since 6 is a square in /c*., we have inVy.{B{P^.)) = 0. 
Therefore 

^ zmv,(s(p:)) = J2 ^^mi3{p:,)) = 0. 

Note that S generates the Brauer group Br(yx)/Br(A;), there is no Brauer- 
Manin obstruction on Yx for {P'^)y^Q^. There is a A;-point on Yx which is close 
enough to {P^)y^s by Theorem 8.12 in [25]. □ 

In the above we considered the case that the extension K/k is abelian. 
In the following we will consider the case that K/k is non-abelian. The 
original idea owes to CoUiot-Thelene and the further development owes to 
Wittenberg. 

Theorem 3.6. Let k be a number field and P(t) a polynomial over k. Let 
K/k be of degree 3 and non-cyclic. Assume Schinzel's hypothesis holds. Then 
the Brauer-Manin obstruction to the Hasse principle and weak approximation 
for rational points is the only obstruction for any smooth proper model of the 
variety over k defined by the equation 

NK/k{^) = Pit). 
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Proof. Let V be the smooth locus of the affine /c- variety defined by Nx/kC^) = 
P{t). Let y be a smooth compactification of V with a projection p : Y -^F], 
defined by (H, t) t. 

Let p{tY I P{t) and p{tY^^ \ P{t) with e > and p{t) monic and irre- 
ducible over k. Let L = k[t]/{p{t)). Assume there is an embedding K ^ L. 
Let be a root of p{t) in L and let F be a smooth proper /c-variety defined 
by 

NkM^) = Pit) /pity. 

(i) Suppose P{t)/p{tY = c E k* . Then there is a birational isomorphism 

Y^Yx¥\ {E,t)^{E-NL/K{t-0",t). 

Then y is a principal homogeneous space of a torus. Therefore the Brauer- 
Manin obstruction to the Hasse principle and weak approximation is the only 
obstruction for Y by Theorem 5.2.1 in |28j . 

(ii) Suppose P{t)/p{tY ^ k* . Then there is a birational isomorphism 

Y^Y, {E,t)^{E-NL/K{t-0',t). 

Applying the above argument inductively, we can assume that there does 
not exist an embedding K "-^ L, where L = k[t]/{p{t)) and p{t) is any 
irreducible factor of P{t). 

We assume that Y has points in all completions of k, and we are given a 
finite set S of places of k, and points P^ G Y{k^) for v E S. We assume that 
there is no Brauer-Manin obstruction to weak approximation for {Pv)ves- 
Since Br(y)/Br(/i;) is finite and the pairing of Y{ki,) with elements of the 
Brauer group is continuous, we can choose a neighbourhood of P^ for each 
V E S which is small enough such that the value of every B G Br(y) on Vy 
is constant. By Lemma [3.11 we can find an open smooth affine subvariety U 
of Y defined by 

iVKA.(H) = P«(t) and P«(t) ^ 0. 
which satisfies the following properties: 

(1) There exists P^ G U{ky) such that P^ G Vy for each v E S \ Smf- 

(2) The fiber Uoa is smooth over k and contains a /c^-point G Vy for all 

V G Sinf. 
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Then we can replace all Py by for all v & S. There is also no Brauer-Manin 
obstruction to weak approximation for {Pv)ves- Let Uq be the open subvariety 
of defined by P^^^ 7^ 0. We are now looking for a point Q G Uo{k) with 
associated coordinate \ E k, such that A is very close to each for v E S, 
V finite, A is big enough at each of the archimedean completions of k [Q is 
close enough to the infinite point), and such that the fibre U\ has a fc-rational 
point. 

Let P^^^ = cpi{tY^ ■ ■ ■pmitY"', where Pi{t) is monic and irreducible over 
k. Let k{-\fd) be the unique quadratic field contained in the Galois closure 
K^^ of K/k. Let U = k[t]/{pi{t)). Let 

Ti = {l<i<m \ k{Vd) ^ L,} and T2 = {1 < i < m | k{Vd) C Li}. 

For i E T2, Pi{t) = li{t)li{ty, where li{t) E k{\/d)[t] is irreducible and a is 
the generator of Ga[{k{\/d) / k) . Denote 

Ai = {{p,{t),d)EBT{U)\iETi} 

and 

A, = {Cores,(^)/,(/,(t),x) G Br(?7) | t E T,}, 

where x is a fixed primitive character of Ga\{K'^'' /k(\/d)). 

We enlarge S so that it contains all the original places at which we want 
to approximate and that it also contains the places associated in Hypothesis 
Hi (im p. 71]) to the polynomials of P^^\t) and all ramified places oi K^^ /k. 
There is no Brauer-Manin obstruction to weak approximation for {Pv)v&s- 
According to Harari's formal lemma (see [15]), we may find a finite set 5*1 of 
places of /c, containing S, and points P^ E U{ky), v E Si, which extend the 
given family 

PyEUik,),vES, 
such that for each A E AiU A2 

J2 tnvMiPv)) = 0. 
veSi 

Let S' be a finite set of places of k containing all the archimedean places 
and all the bad finite places in sight: finite places where one Pi{t) is not 
integral, finite places where all Pi{t) are integral but the product HiPil^) 
does not remain separable when reduced modulo v, places ramified in K'^^ /k. 
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If i e Ti, we know k{^) ^ L,. Let Ei = Lf.K"^ and Fi = U.K. We 
claim that there exists g G Gal(£'j/Fj) such that g does not fix Fi{-\fd). 
Otherwise F, = Fi{Vd). Then K"^ C F^. Therefore U.K^^ = U.K. So 
we have Lj fl -R'^' 7^ /c. Since k(\/d) is the unique quadratic subfield of K'^'' 
and k{\/d) ^ Lj, we have [Lj fl -ft''^' : A;] = 3. All 2-Sylow subgroup of 
Gal{K^'' /k) = S3 are conjugate, there is an embedding K ^ U hj Galois 
theory. A contradiction is derived to the assumption K L^. 

There are infinitely many places v of fc, such that g is contained in the 
conjugation class of the Frobinious of v by Chebotarev's density theorem. 
We can choose such a place Vi and vi ^ S' . Therefore piit) = n^^ has a 
solution At,. G Ofc^. and PjiKJ ^ for j 7^ 2, where n^- is a uniformizer 
of ky.. And obviously f/A„. has a /c„--point P„- since K can embed into /c^,.. 
Therefore we have 

inv^^{{pi{X^J,d)) ^ and inv^XMPv^) = 

for A E Ai and ^ 7^ {pi{t),d). Suppose A G Since Pj{Xvi) is a unit, we 
have inVy.{A{Py^)) = 0. We replace Si hj SiU {vi \ i E Ti}. Then we have 

^ mt;^(^(P^)) 7^ for ^ G 

and 

^mw^(^(P„)) = Ofor^G A2. (5) 

i>65i 

Now apply Hypothesis {Hi) ([TU p. 72, Proposition 4.1]), we thus find 
X E k close enough to each = p{Pv) for the finite places w G S'l, A integral 
away from 5*1, and A as large as we wanted at the archimedean places, such 
that: 

(i) The fibre Y\ of p contains a /c^-point which is as close as we wish 
to Py for all places v E Si, and such that 

inv^{A{P;,)) = inVy{A{Py)) 

for each A E AiU A2 and v E Si. 

(ii) For each irreducible term Pi{t) of the polynomial P^^\t), there exists 
a place v'^ such that Pi{X) is a uniformizer at and is a unit in k^ ii v ^ Si 
and V ^ v[. 
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For each A & Ai, we have 

v&Si v&Si 

Then we have 

inVy{{pi{X), d)) y^O ioT i e Ti. 

By the global class field theory, we have 

Y inv^{{pi{\),d)) ^ 0. 

With condition (ii) above, we have inVy{{pi{X), d)) = for v ^ 5*1 and v ^ 
since Pi{X) is a unit in k^. Then 

inv^'^{pi{X),d)) ^ 0. 

Since Pi{X) is a uniformizer at f-, we have k[-\fd)/k is inert at v •. The Galois 
group Gal{Ki /k^') C Gal{K'^ /k) = S3 is cyclic and of degree divided by 

2, where ty^ is a place of K'^^ over w-. Then we have Gal{K'^, /k^'J = Z/2. 
Therefore K can embed into k^'. Then Ya has a /c^'-point for i G Ti. 
Let 2 G T2. By equation ([5]) and class field theory, we have 

= ^ mt;^(CoreSfc(^)/fc(/i(A),x)) = mw^^(CoreSfc(^)/fc(/i(A), x))- 
Since 

ord,>{p,{\)) = ord,,{k{\)k{\Y) = 1, 

we have x is trivial. Then Yx has a /c„'-point for i G T2. Since Br(yx) = 
Bro(lA) (Proposition 9.1 in [ID]), there is a /c-point on Yx which is close 
enough to {Py)ves by Theorem 8.12 in [25]. □ 

4 Brauer-Manin properties for zero-cycles of 
degree 1 

This section is devoted to the proof, for zero-cycles of degree 1, of uncon- 
ditional versions of the theorems in §31 using Salberger's device, as in [T3] . 
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The same general comments as made in the beginning of the previous section 
may be made here. In particular most of the results in the present section 
are not covered by [131 Theorem 4.1]. 

Theorem 4.1. Let k be a number field and K/k an abelian extension. Let 
P(t) be a polynomial over k. Let V be the smooth locus of the affine k-variety 
defined by 

NK/k{^) = P{t). 

Let T = i?^^^(Gm)- Suppose III 5(T)p = III^(T). // there is no Brauer- 
Manin obstruction to the existence of a zero-cycle of degree 1 on a smooth 
proper model of V , then there is a zero-cycle of degree 1 on (defined 
over k ). 

Proof. Let U be the smooth affine variety over k defined by 

NK/k{^) = P{t) ^ 0. 

Let be a smooth compactification of U with a projection p : f/^ — )■ P^. 

Let E/k he the minimal Galois extension which splits P{t) and contains 
K. Let G = GaA{E/k). Let g be an element of G and let Eg be the fixed field 
of (g) in E and Kg = KOEg. By the assumption, we know III ^ (£'//c, T)p = 
III^(£'/A;, T). Then we can choose a finite subset B C Br(X), such that the 
image of B by the composite map 

Br{X) ^ H\E/k,FiciXE)) ^ ml{E/k,f) 

is in ^ (£'//;;, T). By Lemma 13.21 the restriction of i3 G 5 to has the 
form 

where SB,g € BT{Eg), qi{t) \ P^^\t) is a polynomial over Eg and Xj is a 
character of Gal{K/Kg). 

Let P{t) = cpi{tY^ ■ ■ ■pmitY"^, where Pi{t) is an irreducible polynomial 
over k. Let 5*0 be a finite set of places of k containing all the archimedean 
places and all the bad finite places in sight: finite places where one Pi{t) is 
not integral, finite places where all Pi{t) are integral but the product HiPil^) 
does not remain separable when reduced modulo v, places ramified in the 
extension K/k and all places v such that some inVw{SB,g) 7^ where w is a 
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place of Eg over v. Let A^o be a closed point of U such that k^No) = K. Let 
d=[K: k]. 
Let 

A = {ipi{t),x) e Br{U) \ l<i<m,xe Hom(Gal(i^/fc), Q/Z)}. 

Since we assume that there is no Brauer-Manin obstruction to the existence of 
a zero-cycle of degree 1, by an obvious variant of Harari's result ( [T^ Theorem 
3.2.2]) we may find a finite set 5*1 of places of k containing 5*0 and for each 

V ^ Si a zero- cycle of degree 1 with support in f/ x ^ k^ such that 

^ inv^ {{A, z^)) = for all A e AUB. (6) 

Let s be the least common multiple of the orders of ^ G AU B. Let 
us write the zero-cycle z^ as z;^ — z~ , with 2+ and z~ effective cycles. Let 
zl be the effective cycle zj" + {ds — l)z~ . We have z^ = zl — dsz~ , hence 
{A, Zjj) = {A, zl) since each A is killed by s. We thus have 

J2^n'^vi{A,zl,)) = 0iorallAeAUB. (7) 

Similarly {A, sNq) = 0. The degree of z^ is congruent to 1 modulo ds. 
The cycle sNq has degree ds. Adding suitable multiples of sNq to each zl for 

V in the finite set Si, we then find effective cycles z'^, all of the same degree 
1 + Dsd for some D > 0, and such that 

'^mv^{{A,zl)) = OioTallAeAUB. (8) 

We claim that in ([8]), for each v E Si, each effective cycle z'^ may be assumed 
to be a sum of distinct closed points (i.e. there are no multiplicities) whose 
images under : Uk^ A^^ are also distinct. Indeed, if P is a closed 
point of f/fc„) with residue field F = ky{P), and ^ is a class in Br(f/), the 
map U{F) —7- Br(F) C Q/Z given by evaluation of A is continuous. Since 
U is smooth, the point P defines a non-singular F-point oi U F. The 
statement follows from the implicit function theorem. 

We claim that while keeping (|8]) we can moreover assume that, for each 
z'^ and each closed point P in the support of z^, the field extension map 
kv{f{P)) C ky{P) is an isomorphism. Once more, it is enough to replace P 
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by a suitable and close enough ky{P)-Taiional point on Uk^{P)'- this follows 
from Lemma 6.2.1 on p. 89 of [H]. 

Each of the zero-cycles piz"^) is now given by a separable monic polynomial 
Gv[t] G ky[t] of degree 1 + Dds, prime to P{t) and with the property that 
the smooth fibres of p above the roots of G^, have rational points over their 
field of definition. By Krasner's lemma, any monic polynomial H{t) close 
enough to for the w-adic topology on the coefficients will be separable, 

with roots 'close' to those of Gy. Thus the fibres above the roots of the new 
polynomial are still smooth and still possess rational points over their field 
of definition. 

An irreducible polynomial G{t) of degree 1 + Dds defines a closed point 
M of degree 1 + Dds on A^. Let F = k{M) = k[t]/{G{t)). Let 9 be the 
residue class of t in F. We now choose the irreducible polynomial G{t) as 
given by Theorem 3.1 on p. 15 of [H] with the field L in this theorem is K 
and V {V in this theorem) is the places of k lying over places in Q which 
are totally split in K, such that 

(i) For each place v G 5*1, G{t) is close enough to Gy{t), such that the 
fibre Ug contains an F^-point P^, for each place w of F over v, and such that 
^wiv^w is 'close' enough to Zy satisfying 

inVy{CoresF^/k^A{Pyj)) = inVy{{A, z^)) 

for each Ae AUB. 

(ii) For each irreducible term Pi(t) of the polynomial P{t), there exists a 
place Wi of F such that Pi{6) is a uniformizer at Wi and is a unit in Fyj if 
w is not over 5*1 U V and w ^ Wi. 

We claim that the fibre Ue/ F has points in all completions of F. 

At a place w oi F over a place v ^ Si and w ^ Wi for all i, the existence of 
an F^-point -P^, on Ug is clear since either P{6) is a unit or K.F/F is totally 
split. 

Let Vi be the unique place of k reduced by Wi. With condition (i), (ii) 
and the global reciprocity law, we have 

inVyXCoresF/k{Pi{0),x)) = 0. 

Since x runs through all characters of Gal{K/k) and condition (ii), we have 
K.F/ F is totally split at Wi. Therefore the fibre Xg of p contains an F^. -point 
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Let B ^ B. Let w be a place of F over v ^ Si and w ^ Wi ioi 1 < i < m. 

Let 

(g) = Ga\{{E.F)u,'/F^) C Ga\{E.F/F) ^ Ga\{E/k), 

where w' is a place oi E.F over w. Let -Eg be the fixed field of {g) m E. We 
know 

S(Pj = /,(i3)(PjGBr(F^), 

where fg is the natural restriction from Br(X) to Br(X£; ). And fg{B) has the 
form i{qj(t),xi) + SB,g with | Pit). Since either gj(6') has valuation 
at w or K.F/F is totally split at w, we have 

inVu,{B{Pu,)) = + inv^{5t3,g) = 0. 

Let U7 be some Wi. Let 

(^) = Gal((E.F)„VF^) C Gal{E.F/F) ^ Gal{E/k). 

By the above argument, we know {K.F)^" / F^ is totally split, then K.F C 
Eg.F. We also know 

B{P^) = fg{B){P.^)eBi{F^) 

and has the form Ylijii^jif)^Xi) + where xi is a character of 

G8l{K/Kg) and /sTg = n Eg. Since K.F C Eg.F, we have 

fg{B) = + 5B,g = 6B,g G Br(X£;^.^). 

So we have 

inVu,{B{Pu,)) = + inv^{6B,g) = 0. 
Let w be a place of F over t> G 5*1. With condition (i), we have 

inv^{CoresF^/k,B{P^)) = inv^{{B, z^)). 

w\v 

Therefore we have 

^ inv^{CoresF^/k^B{P^)) = ^ inv^{{B,zl)) = 0. 

We know 

inVy{CoresF^/k^B{Pu,)) = inv^{B{P^)) 
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by the property of local fields. Then we have 

Since [F : k] and [K : k] are relatively prime, we have F Cl K = k. There- 
fore the natural map Br(T'^)/Bro(T'^) — ?■ Br(T|.)/Bro(T|.) is an isomorphism. 
With a similar argument as the last part in the proof of Theorem 13. 3[ we 
have B generates the Brauer group Br(?7g)/Bro(f/g). Therefore there is no 
Brauer-Manin obstruction on Ug for Hence Ug/F possesses an 

F-point. □ 

With the help of Salberger's device, by similar argument as above we 
have the following result which corresponds to Theorem 13. 5[ 

Theorem 4.2. Let k be a number field and P{t) a polynomial over k. Let 
V be the smooth locus of the affine k-variety defined by 

{xj - axDivf - byl){zl - abz^) = Pit) 

where a,b & k*. If there is no Brauer-Manin obstruction to the existence of 
a zero-cycle of degree 1 on a smooth proper model of V, then there is a 
zero-cycle of degree 1 on (defined over k). 

Proof. Let U be the smooth affine variety over k defined by 

[xl - axlM - byl){zl - abzl) = P{t) ^ 0. 

Let be a smooth compactification of U with a projection p : f/'^ — )■ P^. If 
one of the three numbers a,b,ab is a square in k*, this theorem is obvious. 
Then we only need to consider the case all numbers a, 6, ab are not contained 
in 

Let P{t) = cpi{tY^ ■ ■ ■ pmitY"" . Let 5*0 be a finite set of places of k 
containing all the archimedean places and all the bad finite places in sight: 
finite places where one Pi{t) is not integral, finite places where all Pi{t) are 
integral but the product HiPil^) ^'^^^ ^'^^ remain separable when reduced 
modulo V, places ramified in the extension K/k where K = k{^/a, y/b). Let 
A^'o be a closed point of U such that k{No) = k{y/a). 

Let 

A = {ipiit),b) E Br{U) I 1 < i < m} U {{x\ - ax\, b)}. 
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We know ( 2, &) is the unique generator of the Brauer group of the 

smooth fibre of U (see [3]). 

Since we assume that there is no Brauer-Manin obstruction to the ex- 
istence of a zero-cycle of degree 1, by an obvious variant of Harari's re- 
suh ( [T^ Theorem 3.2.2]) we may find a finite set 5*1 of places of k containing 
5*0 and for each v E Si a, zero-cycle of degree 1 with support in f/ /c^ 
such that 

inVy{{A, z^)) = for all A e A. 

With the similar argument as in the proof of Theorem 14. H for each v E Si, 
we can assume that: 

(i) Each cycle Zy is effective and has the same degree D, where D is odd. 

(ii) Each cycle z^ is a sum of distinct closed points P„ whose images un- 
der : Uk^ are also distinct, and the field extension map 
ky{p{Py)) C ky{Py) IS dJi IsomorpHsm. 

Each of the zero-cycles p{zy) is now given by a separable monic polynomial 
Gy[t] G kv[t] of degree D, prime to P{t) and with the property that the 
(smooth) fibres of p above the roots of Gv{t) have rational points over their 
field of definition. 

An irreducible polynomial g{t) of degree D defines a closed point M of 
degree D on A^. Let F = k{M) = k[t]/{G{t)). Let 9 be the residue class of 
t in F. We now choose the irreducible polynomial G{t) as given by Theorem 
3.1 on p. 15 of [H] with the field L in this theorem is K and V {V in this 
theorem) is the places of k lying over places in Q which are totally split in 
K, such that 

(i) For each place v E Si, G(t) is close enough to Gy(t), such that the 
fibre Ue contains an F^„-point Py^ for each place w of F over v, and such that 
'^w\v is close enough to z^ satisfying 

'^inVy{CoresF^/k^AiP^o)) = inVy{{A, z^)) 

w\v 

for each A E A. 

(ii) For each irreducible term Pi{t) of the polynomial P{t), there exists a 
place Wi of F such that Pi{6) is a uniformizer at Wi and is a unit in Fy^ if 
w is not over 5*1 U V and w ^ Wi. 
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If w is not over 5*1 , then K.F/F is unramified at w. Then one of a, 6, ah 
is a square in F^. Then the fibre Uq of p contains an F^-point P^. 
For each A = {pi(t), b) G A, we have 

^ mt;^(CoreSi.„/fc,(pi(6'),6)) = 0. 

By the global class field theory, one has 

^ inVy{CoresF^/kAP0)^b)) = 0. 

Let Vi be the unique place of k reduced by Wi. With condition (ii) above, we 
deduce 

inv^XCoresF^jk,^{Pii0),b)) = 0. 

Since Pi{0) is a uniformizer at Wj, we have F{\/b)/F is totally split at Wj. 

Let B = {xf — ax^, b). Suppose w is not over Si and w Wi for 1 < i < m. 
If F{Vb)/F is split at w, then inv^{B{P^)) = 0. 
If Fw{'\/b) = Fyj{^/a) is inert over F^, then mw^(i3(P^)) = 0. 
If F^{-\/b)/Fyj is inert and F^{'s/a)/F^ is split, then 

(2/1 - ^)«' = (^1 - «^^2' ^)«' = 0- 

One has 

inv,{B{P^)) = {xl - axl, b)^ = (P(^), b)^ = 

since P{0) is a unit at w. Therefore we have inVw{B{Pw)) = 0. 

Let w be some Wi. Since 6 is a square in F*,. So we have inv^.^B^Pwi)) = 
0. Therefore we have 

inVw{B{Pw)) = ^ inVy{CoresF^/k^B{Pw)) 
= ^ inVy{CoresF^/k.B{P^)) 

w\v&Si 

= ^ mf^((S, z^)) = 0. 

Since FdK = k, we deduce that B generates the unramified Brauer group of 
Uq/F. Therefore there is no Brauer-Manin obstruction on Uq for {Pw)wt^nF- 
Hence Uq/F possesses an P-point. □ 
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For all primes p (not only p = 3), we can prove the following result (which 
corresponds to Theorem 13.61) . 



Theorem 4.3. Let k be a number field and P{t) a polynomial over k. Let 
p be a prime. Let K/k be of degree p and not cyclic. Let V be the smooth 
locus of the affine k-variety defined by 

NK/k{^) = P{t). 

If there is no Brauer-Manin obstruction to the existence of a zero-cycle of 
degree 1 on a smooth proper model of V , then there is a zero-cycle of 
degree 1 on (defined over k). 

Proof. Obviously V has a closed point A^o with k{NQ) = K. Then we only 
need to show that there is a field F/k with degree [F : k] prime to p such 
that V%F) ^ 0. 

Let K'^^ be the Galois closure of i^/A; with the Galois group G = Gal{K'^^ / k) . 
Then G is a subgroup of the symmetric group Sp. Let H be the p-Sylow sub- 
group of G. We can see H is cyclic and of order p. Let 6 be the fixed field 
of H. Then [B : k] is relative prime to p. 

One has a family {zv}y of zero-cycles of degree 1 which is orthogonal 
to Br(V^'^). Then one pushes {zv}v to V@, one gets a family of zero-cycles 
of degree 1 on Vq. A projection formula for the Brauer pairing shows the 
family of zero-cycles on Vq is orthogonal to Br(VQ). Since K'^^ /Q = K.Q/Q 
is cyclic (of degree p), one gets a zero-cycle of degree 1 on Vq by Theorem 
14.11 (or Theorem 4.1 in [13]). So there is a field F/Q with the degree [F : O] 
prime to p such that V'^{F) ^ 0. Since [O : k] is prime to p, we have 
[F : k] = [F : Q] ■ [Q : k] is also prime to p. □ 
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